We calculate the string tension, deconfinement transition temperature and bulk thermodynamic quantities of the SU(3) gauge theory using tree level and tadpole improved actions. Finite temperature calculations have been performed on lattices with temporal extent N τ = 3 and 4. Compared to calculations with the standard Wilson action on this size lattices we observe a drastic reduction of the cut-off dependence of bulk thermodynamic observables at high temperatures. The improvement is significant even in long-distance observables at T c . Here we determine the ratio T c / √ σ. For this ratio as well as bulk thermodynamic observables tadpole improvement does, however, not provide any significant further improvement over tree level improvement.
Introduction
Tree level and tadpole improved actions have been shown to yield a substantial reduction of cut-off dependencies in the calculation of thermodynamic properties of the SU(3) gauge theory [1, 2] . In the high (infinite) temperature limit this is quite evident already from a perturbative calculation of the pressure (p) or energy density (ǫ). In this limit high momentum modes give the dominant contribution to these observables. An improvement of the discretization scheme for the Euclidean action at short distances will thus naturally lead to a better representation of the ideal gas, Stefan-Boltzmann law on lattices with finite temporal extent N τ . However, even at T c the improved actions lead to a reduced cut-off dependence for some observables. Calculations of the surface tension or the latent heat of the first order deconfinement transition, for instance, show a strong reduction of the cut-off dependence on lattices with temporal extent N τ = 3 and 4. In this case it also has been found that the remaining cut-off dependence on coarse lattices is weaker for a tadpole improved action than for a tree-level improved action [2] .
At high temperature the variation of p/T 4 or ǫ/T 4 with temperature is small. Both observables only slowly approach the ideal gas limit, which is consistent with the expectation that thermodynamics depends on a running coupling that varies logarithmically with temperature. The numerical simulations performed in a given discretization scheme at finite temperature are therefore particularly sensitive to a correct representation of the infinite temperature limit. An accurate determination of the temperature scale itself is, however, not needed for the observation of the dramatic improvement in approaching the continuum Stefan-Boltzmann limit at infinite temperature. This has been utilized in the calculations presented in [1] where the temperature scale has been fixed using an effective coupling scheme combined with the asymptotic form of the SU(3) β-function [3] . At temperatures close to the deconfinement transition, however, thermodynamic observables like p/T 4 vary rapidly. A comparison of the improvement achieved with different actions in this temperature regime requires an accurate determination of the temperature scale. For some fixed point actions this has been done by determining the critical temperature on lattices with different temporal extent [4] . Using calculations of T c to set the scale has, however, the disadvantage that T /T c gets to be known only at a few discrete values. We will use here the string tension to define a continuous temperature scale, T / √ σ, for thermodynamic observables. This also is needed for the determination of thermodynamic observables like the energy density, which require the knowledge of the SU(3) β-function, i.e. the derivative of the bare coupling with respect to the cut-off in the non-asymptotic regime.
In this paper we analyze the heavy quark potential with tree level and tadpole improved actions. From the potential the string tension is extracted in order to define a temperature scale, T / √ σ. This in turn is used in a study of the thermody-namics of the SU(3) gauge theory. In the next section we discuss our calculations of the heavy quark potential and the determination of the string tension. The application of the resulting β-function for thermodynamic calculations is presented in Section 3. Section 4 contains our conclusions.
String Tension
In our calculations we use two different improved actions for the SU(3) gauge theory. These actions include in addition to the standard 1 × 1 Wilson loop an additional 1 × 2 or 2 × 2 loop, respectively,
Here u 0 denotes a tadpole improvement factor which we have chosen to be defined through the plaquette expectation value [5] , i.e. u 0 ≡ (1 − W
1,1
µ,ν (x) ) 1/4 . The tree level improved actions are obtained for u 0 ≡ 1. The high temperature ideal gas limit for these actions has been analyzed previously [1] and first calculations of the pressure using the action S (2,2) have been presented there. The analysis of the infinite temperature ideal gas limit suggests, in fact, that the (1,2)-action is superior to the (2,2)-action. Although the leading O(a 2 ) corrections are eliminated in both cases, it turns out that the remaining higher order contributions are much smaller for the (1,2)-action.
In order to calculate the string tension from the long distance part of the heavy quark potential we have performed simulations of the SU(3) gauge theory on lattices of size 16 4 and 24 4 at several values of the gauge coupling β = 6/g 2 . The heavy quark potential has been extracted from smeared Wilson loops following closely the smearing approach described in [6] , i.e. Wilson loops are constructed from smeared links which are obtained by iterating the replacement process 
Typically, for each value of the gauge coupling we have analyzed Wilson loops on 300 configurations which were separated by 10 updates performed with an overrelaxed heat bath algorithm (1 update ≡ 4 over-relaxation steps followed by 1 heat bath step). In the case of the (1,2)-action we also investigated the effect of tadpole improvement. For this purpose we have first determined self-consistently the factor u 0 at a few values of the gauge coupling. These numbers are given in Table 1 a Details on the optimization of our smearing procedure can be found in Ref. [7] . 
for distances R > R min in order to extract the string tension. For large values of R the coefficient of the Coulomb-like term is expected to be determined by string fluctuations, α = −π/12 [8] . Indeed we find values for α which are consistent with this. However, for larger values of R min the fits generally lead to a poor determination of α. We, therefore, followed the strategy to fix the coefficient of the Coulomb term for the determination of the string tension and increase R min until stable results have been found forσ. Typically this is the case for R * min
25fm. We then have averaged the results forσ obtained from several fits with R min > R * min in order to minimize distortion effects resulting from missing rotational invariance of the potential at these distances. The resulting values for the string tension are given in Table 2 . Also given there are the minimal values L min and R * min used to extract the potential for a given value of β. Corresponding results for the tree level improved action S (2, 2) are given in Table 3 .
In Figure 2 we show the difference between the calculated potential and the best fit obtained with constant α. Results are shown for the tree level improved (2,2)-action and the tadpole improved (1,2)-action. Except for the two largest β-values used for the (2,2)-action all fits have been performed for distances R √ σ > ∼ 0.5. We note that the agreement between the numerical data and the fit generally remains good at distances smaller than the fitting interval. For smaller values of β we observe, however, an increasing scattering of the data for R √ σ < 0.5 due to the lack of rotational invariance. This becomes smaller for larger values of β, i.e. closer to the continuum limit. For large values of β we obtain the potential also at shorter physical distances. Here we clearly observe that the potential would prefer a smaller coupling for the Coulomb term than used in our fit. This is reflected in the increase of V data − V fit at short distances. Here a fit with a running α would be more suitable.
Deviations from asymptotic scaling
Improved actions depend on several couplings for the different Wilson loops appearing in the action. Through the specific choice of these couplings a particular trajectory in a multi-dimensional parameter space is defined on which the continuum limit is approached. Although the improvement scheme for the actions does not aim at improving the approach to asymptotic scaling we may test in how far the scaling behaviour is modified through the specific choice of a trajectory. The results for the string tension given in Table 2 between the bare gauge coupling and the lattice cut-off, β(a) ≡ 6/g 2 (a). In the case of the Wilson action this has been analyzed in quite some detail [9] .
In a most straightforward way the deviations from asymptotic scaling become visible when one divides the results obtained for √ σa by the universal 2-loop form of the β-function. This yields √ σ/Λ L . The perturbative expansion of the tadpole improved (1,2)-action coincides up to O(g 2 ) with that of the tree level improved (1,2)-action with a modified gauge couplingβ ≡ β(1 + α 2 g 2 /3), where α 2 = −0.366263(N 2 − 1)/4N denotes the O(g 2 ) expansion coefficient for the plaquette expectation value calculated with the tree level improved action [1] . From this we obtain the ratio of Λ-parameters for tree level and tadpole improved (1,2)-actions,
Using also the ratios of lattice Λ-parameters to Λ MS [10, 11] we obtain √ σ/Λ MS for different actions. This is shown in Figure 3 . The numbers are plotted versus β − β c (N τ = 4) in order to be able to compare results at approximately the same value of the cut-off. The slope of these curves is an indication for the deviations from asymptotic scaling in the regime of couplings close to the deconfinement transition on lattices with temporal extent N τ = 4. We note that the tree level improved (2,2)-action shows similar scaling violations as the Wilson action while these are significantly reduced for the tree level and tadpole improved (1,2)-actions. A similar behaviour is also obtained from calculations of the critical temperature with the tree level improved (1,2) action [12] . tree /Λ MS was not known to us and we have, therefore, used an arbitrary normalization factor of 0.15.
Thermodynamics
The string tension calculated in the previous section can be used to fix the temperature scale T / √ σ = 1/(N τ √σ ). In particular, we have calculated the ratio T c / √ σ by determining the critical couplings for the different tree level and tadpole improved actions on lattices with temporal extent N τ = 3 and 4. Pseudo-critical couplings on finite spatial lattices have been determined from the location of the peak in the Polyakov loop susceptibility [3] . For the tree level and tadpole improved (1,2)-actions we, furthermore, have performed a detailed study of the finite volume dependence of the critical couplings on lattices with temporal extent N τ = 4 and N σ = 16, 24 and 32 [2] . In these cases the critical couplings have been extrapolated to the infinite volume limit using the ansatz
which is appropriate for first order phase transitions. We find for the tree level and tadpole improved (1,2)-actions proportionality factors h which are consistent with each other as well as with earlier results obtained with other actions,
0.082 (32) (1,1) Wilson action [13] , N τ = 4 0.072 (77) (1,1) Wilson action [13] , N τ = 6 0.101 (34) (1,2) tree level action, N τ = 4 0.068 (45) (1,2) tadpole action, N τ = 4 0.122 (54) RG action [14] , N τ = 3 0.133 (63) RG action [14] , N τ = 4 (3.
2)
The calculated critical couplings as well as the extrapolations to the infinite volume limit are summarized in Table 4 for the different actions. We note that our results for the tree level improved (1,2)-action are consistent with those of Ref. [12] . In Table 4 we also give results from [12] for larger values of N τ and use the ansatz of Eq. (3.1) to extrapolate to the critical couplings on an infinite lattice. For the constant h we use in these cases the weighted average of the values given in Eq. (3.2), i.e. h = 0.093 (1).
In order to extract the critical temperature in units of the square root of the string tension we determineσ at β c (N τ , ∞) from an interpolation with an exponential ansatz,σ = A exp(−β/2b 0 + f (β)), where f (β) is a polynomial in β −1 . The results obtained in this way for T c / √ σ are shown in Figure 4 . We note that we now have used this interpolation procedure for the string tension data also for the standard Wilson action. This eliminates the large statistical fluctuations in the ratio T c / √ σ which were present in an earlier analysis [3] . From this we find for the Wilson action
which is consistent with all ratios T c / √ σ extracted by us with improved actions on N τ ≥ 4 lattices (see Table 4 ). In general we find that the cut-off dependence in the ratio T c / √ σ is quite small for all improved actions. Already on lattices with temporal extent N τ = 4 this ratio is clearly closer to the continuum result than the corresponding result with the Wilson action. A comparison of results obtained with different actions at the same value of the cut-off, aT c = 0.25, is given in Table 5 .
In Figure 4 and Table 5 we also give the results obtained from calculations with a renormalization group improved action [14] . The latter does lead to a slightly larger value for T c / √ σ. However, also in this case the cut-off dependence is much weaker than in the case of the Wilson action. This suggests that the difference between the results obtained with the RG-improved action in Ref. [14] and the results presented here mainly is due to differences in the analysis of the heavy quark potential rather than due to differences in the improvement scheme. We also note that the results obtained with the tadpole improved (1,2)-action agree with those obtained from the tree-level improved action on N τ = 3 and 4 lattices. This is quite different from the surface tension analysis [2] . It may, however, indicate that the latter is more sensitive to high momentum modes than the ratio T c / √ σ.
Pressure of the SU(3) gauge theory
The temperature dependence of the pressure can be obtained from an integration of action densities, S , calculated at zero and non-zero temperature, respectively b ,
Here β 0 is a value of the coupling constant below the phase transition point at which the pressure can safely be approximated by zero. The subscripts 0 and T refer to calculations of the action expectation values on the zero temperature and non-zero temperature lattices, respectively. Using the string tension values given in Table 2 and normalizing these to the string tension at β c , we obtain the temperature in units of T c . The temperature at intermediate values of the coupling has been obtained from an interpolation. With this we can reanalyze also the results for the pressure obtained for the tree level improved (2,2)-action given in [1] . It simply amounts to a modification of the temperature scale, i.e. the ordinate of Figure 3 in [1] . While this has practically no consequences at high temperature, it leads to significant shifts close to T c . In Figure 5 we show the results of calculations with improved actions on 16 3 × 4 lattices. These are compared to the continuum extrapolation obtained from calculations with the Wilson action on lattices with temporal extent N τ = 4, 6 and 8 [3] . We find that all improved action calculations are close to the continuum extrapolation, while the standard Wilson calculation on a N τ = 4 lattice clearly deviates substantially.
We furthermore have calculated the pressure for the tree level and tadpole improved (1,2)-actions on lattices of size 12 3 × 3 and 16 3 × 4, respectively. These results are shown in Figure 5b . Here we also show the result of a calculation using a fixed point action for N τ = 3 [4] . These are in good agreement with the continuum extrapolation obtained from the Wilson action and seem to be closer to the result obtained with the tadpole improved action than the tree level result. For temperatures in the range (2 − 3)T c the tadpole action yields about 10% smaller values for the pressure than the tree level action, although both approach the same infinite temperature limit. We also note that we do not observe any significant cut-off dependence when comparing calculations on lattices with temporal extent N τ = 3 and 4 despite the fact that the cut-off dependence in the infinite temperatue limit leads to about 15% differences in the Stefan-Boltzmann limit. This is, to some extent, in accordance with the analysis of the Wilson action, where we noted already that the cut-off distortion in this temperature range is only half as large as expected on the basis of calculations for the ideal gas limit [3] . It seems that these are further reduced in calculations with improved actions. Using the temperature scale defined by the string tension calculations we also can extract the β-function, adβ/da, outside the validity regime of the asymptotic 2-loop form, i.e. in the coupling range explored by us. With this, further thermodynamic observables can be extracted. In particular, we obtain for the difference between the energy density, ǫ, and 3p,
We note that in the case of tadpole improved actions the action itself depends implicitly on the gauge coupling through the tadpole factor u 0 (β). This has to be taken into account in the calculation of the difference ǫ − 3p. We therefore have introduced in Eq. (3.5) the quantityS defined as
In Figure 6 we compare the result obtained with tree level and tadpole improved actions on lattices with temporal extent N τ = 4 with corresponding results obtained with the Wilson action for N τ = 8. In the case of the Wilson action it has actually been observed that results for N τ = 6 and 8 coincide within errors and my thus be taken as the continuum limit result [3] . The good agreement we find here with the Wilson action calculation confirms this observation, i.e. cut-off effects are indeed small in (ǫ − 3p)/T 4 . In fact, the strong cut-off effects present in the ideal gas limit cancel exactly in this quantity, which in the high temperature limit is O(g 4 (T )). The good agreement between results obtained with different actions also is an excellent consistency check for the determination of the temperature scales and the analysis performed here. 
Conclusions
We have analyzed thermodynamic properties of the SU(3) gauge theory using tree level and tadpole improved actions. In general we find that the improved actions considered by us strongly reduce the cut-off dependence visible in calculations with the standard Wilson action at comparable values of the cut-off. Unlike in our earlier investigation of the surface tension at the deconfinement transition we do not observe any significant additional improvement resulting from the use of a tadpole improved action. In particular the ratio T c / √ σ agrees within errors for tree level and tadpole improved actions. There might be a slight advantage in the use of the tadpole improved action for the analysis of bulk thermodynamic observables like the pressure. However, at present this cannot be further quantified within the accuracy of our calculations.
It now seems that the systematic cut-off dependencies in calculations of thermodynamic observables (T c , equation of state, latent heat, surface tension,..) are well under control with presently used improved actions. Remaining ultra-violet cut-off dependences, which without doubt still are present, are hidden by statistical errors and/or inaccuracies in the determination of the observables. The latter result, for instance, also from infra-red cut-off effects. This is true also for the determination of the string tension, which is sensitive to the specific form of the fit used to analyze the heavy quark potential at distance R ≃ (0.25 − 1) fm. Such ambiguities are likely to be the origin for the currently existing discrepancy between the calculations presented here and in [14] . However, also the thermodynamic calculations are still sensitive to infra-red effects. While the finite volume effects are quite well under control for the determination of the critical temperature they certainly have to be analyzed in more detail for the discontinuities (surface tension, latent heat) at T c . Table 4 : Critical couplings for the tree level and tadpole improved actions. In each case we give the result for the largest spatial lattice on which simulations have been performed and the infinite volume extrapolation. Details on the determination of critical couplings for the (1,2)-actions for N τ = 3 and 4 on lattices with different spatial extent are given in [2] . The finite lattice results for N τ = 5 and 6 are taken from [12] . Infinite volume extrapolations are based on Eq. (3.1) with h = 0.093, except for the case of the N τ = 4 (1,2)-actions where a detailed finite volume scaling analysis has been performed in [2] . The second error given is the systematic error due to the uncertainty in the extrapolation. In the last column we also give the ratio T c / √ σ. Infinite volume extrapolations for the critical couplings have been performed in all cases. Further details on the data for the RG-improved action can be found in [14] .
